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We study the role of bath-induced correlations in temperature estimation of cold Bosonic baths.
Our protocol includes multiple probes, that are not interacting, nor are they initially correlated to
each other. After being placed in a common bath, such probes may get correlated to each other
and even entangled, especially at low temperature. We examine the impact of these correlations in
metrology, especially thermometry of the bath. Our results show that they significantly improve
the statistics of the thermometer as sub-shot-noise or even Heisenberg-like scaling is possible at low
enough temperatures. Our results put forward new possibilities in thermometry, for instance in the
context of Bose–Einstein condensates at ultracold temperatures.
Introduction.— Achieving extremely low temperatures
is a must for quantum simulation and computation in
many platforms. In order to fully characterize any system
that works for such tasks, aside from tunable parameters
one has to estimate the non-tunable ones as well. Al-
though these parameters vary depending on the platform,
temperature is common among almost all, because ther-
mal states naturally appear in many physical systems.
Even if that is not the case, the statistics of sub-systems
of a quantum system often behave as if the quantum sys-
tem was at thermal equilibrium [1–3]. Therefore, ther-
mometry is a major focus of many theoretical and exper-
imental research carried out in quantum systems [4, 5].
Since quantum systems, especially when made of many
constituents, are fragile and costly to prepare, the usage
of small systems as quantum probes is an essential method
for non-destructively measuring their parameters [6]. As
such, individual quantum probes for thermometry have
been studied in several scenarios [7–9] and their useful-
ness was recently demonstrated experimentally in ultra-
cold gases [10]. When the probe thermalizes with the
sample, universal results can be obtained thanks to the
Gibbs ensemble, that connects thermometry precision to
the heat capacity [11, 12]. At very low temperatures,
however, quantum probes do not thermalize with the
sample and a more detailed and precise description of the
statistics—which in general is model dependent—should
replace the Gibbs ensemble [9, 13].
Most of major experimental thermometry protocols
that address ultracold gases use the time-of-flight absorp-
tion technique, which can be very precise, but is often
destructive [14–16]. Nonetheless, there are some exper-
iments in which an impurity is used as a probe. This
impurity can be made up of multiple atoms that simulta-
neously interact with the system [17, 18]. It is well known
that a quantum system/bath can create correlations,
specifically entanglement, among different quantum sys-
tems that interact with it. This can be the case even
if the probes are initially uncorrelated and/or if they do
not interact directly with one another. We call this phe-
nomenon bath induced correlations. In the past few years,
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FIG. 1: Schematic representation of the considered
thermometry protocols. (a) Independent baths: each
thermometer is placed in contact with a separate bath
and no correlations are built among the different
probes. In this setting one obtains at most a shot-noise
scaling. (b) Single-bath scenario—the focus of this
work: all thermometers are placed in contact with the
same bath. The thermometers do not interact with each
other nor do they share initial correlations, yet they get
correlated thanks to their interactions with the bath.
Our results show that such correlations might lead to
sub-shot-noise scaling at low temperatures.
several theoretical works have reported bath induced en-
tanglement in different platforms including Bosonic and
Fermionic environments [19–24] and even realized them
experimentally [25]. However, to our knowledge, the use
of such correlations to estimate the bath parameters has
never been studied. Putting aside the fact that quantum
correlations are among the main resources for parame-
ter estimation, they are also extremely determinant for
describing the statistics governing any metrological task.
The main goal of our work is to analyze the thermom-
etry of bosonic systems when using multiparticle probes.
By avoiding simplifying assumptions such as thermaliza-
tion, which may be too strong in some physically relevant
scenarios, we aim to study the impact of bath induced
ar
X
iv
:2
00
1.
11
81
2v
1 
 [q
ua
nt-
ph
]  
31
 Ja
n 2
02
0
2correlations in precision thermometry. We show that
these correlations help improving the precision of these
experiments and provide strong evidence that they allow
beating the shot-noise-limit and even reach a Heisenberg-
like scaling at low-enough temperatures. Our results can
be used to address and improve non-demolition thermom-
etry of Bose–Einstein condensates (BECs) in the nK and
sub-nK domain aligned with previous efforts in charac-
terizing correlations in BECs [24].
The setup and the model.— Figure 1 illustrates the
scenarios that we address here: In (a) we have the in-
dependent baths scenario, in which no correlations will
be created among different oscillators. This is our ref-
erence scenario. Any situation in which one invokes the
thermalization assumption can be analyzed within this
framework. In (b) we use a more realistic scenario, in
which all of the probe oscillators are embedded in the
same bath, hence giving rise to correlations among dif-
ferent oscillators. We see below that this scenario gives
rise to a different statistics, which implies that using (a)
leads to a significant miscalculation of the thermometry
precision. Moreover, at very low temperatures (b) can
lead to sub-shot-noise scaling in quantum thermometry.
Below we explain in due detail how such statistics can
be analyzed by modelling the protocol and then exactly
solving the probe’s non-equilibrium steady state (NESS).
We consider a bath of Bosonic harmonic oscillators.
It is in a thermal state, and our aim is to estimate its
temperature T by bringing it in contact with an exter-
nal probe. After sufficiently long interaction among the
probe and the bath, the probe relaxes to the NESS. Next,
measurements are carried out solely on the quantum state
of the probe, hence realizing a non-demolition measure-
ment on the bath. The measurement outcomes are finally
analyzed to find an estimate of the temperature, with the
highest possible resolution. The global Hamiltonian de-
scribing the bath and the probe is given by
H = Hp +HB +HPB, (1)
where the Hamiltonian of the probe HP reads as
HP =
N∑
i=1
p2i
2mi
+
1
2
N∑
i=1
miω
2
i x
2
i +
1
2
N∑
i,j=1
gijxixj , (2)
with xi and pi being the position and momentum of the
ith oscillator, respectively. The Hamiltonian of the bath
reads
HB =
∑
k
q2k
2mk
+
1
2
∑
k
mkω
2
ky
2
k, (3)
being yk and qk the position and momentum of the bath
mode with the wave vector k. Note that HB could in gen-
eral be an interacting model, however, if the interaction
is quadratic, one can always bring it to the form (3) by
finding its normal modes. For example, this is the case
for the one-dimensional BECs studied in [7, 26]. Finally,
the probe–bath interaction has the quadratic form
HPB =
N∑
i=0
∑
k
Gkxi
(
yk cosk · ri + qk
mkωk
sink · ri
)
.
(4)
Here ri is the position of the ith oscillator of the probe.
Equation (1) is thus quadratic, i.e., the dynamics is Gaus-
sian and the NESS will be Gaussian too. The NESS does
not depend on the initial state of the probe, it only de-
pends on the parameters describing the dynamics, as well
as the initial thermal state of the bath.
The Gaussianity of the NESS means that we only need
to know the first and second order correlations—known
as the displacement vector and the covariance matrix,
respectively—to fully describe its statistics. Recall that
if we assign R = (x1, p1, . . . , xN , pN )
T , then the covari-
ance matrix is a 2N × 2N symmetric matrix with ele-
ments Γij = 〈{Ri, Rj}〉 /2− 〈Ri〉 〈Rj〉. The conventional
method of finding the displacement vector and the co-
variance matrix starts by using the Heisenberg equations
of motion—that for any observable O reads O˙ = i[H,O].
Applying this to all degrees of freedom in our model gives
x˙i =
pi
mi
, (5)
y˙k =
qk
mk
+
N∑
i=1
Gk
mkωk
xi sink · ri, (6)
p˙i = −miω2i xi −
∑
j 6=i
gijxj
−
∑
k
Gk
(
yk cosk · ri + qk
mkωk
sink · ri
)
, (7)
q˙k = −mkω2kyk −
N∑
i=1
Gkxi cosk · ri. (8)
Solving these equations for the probe degrees of free-
dom, gives the quantum Langevin equations of motion
(QLE) [27, 28]
mix¨i +miω
2
i xi +
N∑
j=1
gijxj −
N∑
j=1
χij ? xj = Fi, (9)
where ? stands for convolution. Here, the susceptibility
is given by
χij(t) =
∑
k
G2k
mkωk
sin(ωkt+ k · (ri − rj))Θ(t), (10)
with the step function Θ(t) imposing causality. The
Brownian Force reads
Fi(t) =−
∑
k
Gk
(
yk (t0) cos (ωk (t− t0) + k · ri)
+
qk (t0)
mkωk
sin (ωk (t− t0) + k · ri)
)
. (11)
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FIG. 2: Relative error (δTmin/T ) against temperature
for different system-bath couplings; g = 0.01 (black),
g = 0.03 (blue) and g = 0.05 (red) for a fixed number of
oscillators N = 10. The solid curves represent the
scenario (b) i.e., with a single bath whereas the dashed
lines are obtained considering independent baths
scenario (a). We see that at low temperatures increasing
g enhances the thermometry precision, whereas at
higher temperatures the opposite holds. Moreover,
embedding the oscillators at the same bath, that is
scenario (b), can significantly decrease the relative
error. Here, we used a chain with |ri − ri+1| /c = 0.01 in
units where the frequencies of the oscillators are ω = 1.
The thermal bath has a cutoff frequency of Ω = 100 ω.
The solution of the QLE (9) depends on the probe-bath
interaction, and on the particular spectral density de-
scribing it. The latter is a matrix with the following
elements
Jij(ω) =
∑
k
piG2k
2mkωk
cos (k · (ri − rj)) δ(ω − ωk). (12)
In appendix A we find the spectral density governing
our problem, which we use to exactly solve the QLE (9)
and fully characterize the statistics of the steady state of
the probe. We firstly find that the displacement opera-
tor vanishes and secondly obtain the temperature depen-
dent covariance matrix. If Γ(a)(T ) and Γ(b)(T ) are the
covariance matrix in scenarios (a) and (b), respectively,
we immediately observe an expected major difference in
the correlation structure between scenarios (a) and (b).
While in the first we have an uncorrelated state, with
covariance matrix Γ(a)(T ) = ⊕iσ(a)i (T )—where σ(α)i (T )
is the local covariance matrix of the ith probe oscillator,
in scenario α ∈ {a,b}—this is not the case for the com-
mon bath scenario, in which inter-oscillator correlations
appear. These correlations do not necessarily imply the
presence of entanglement. However, at very low temper-
atures the probe oscillators indeed become entangled, as
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FIG. 3: The relative error normalized by the number of
oscillators (that is δTmin/T
√
N), as a function of
temperature, for different number of oscillators; N = 5
(black), N = 10 (blue) and N = 15 (red). The solid
lines correspond to the scenario with a single bath. In
this case, we observe a sub-shot-noise scaling. The
dashed lines indicates the case with independent baths,
that is independent of N , i.e., the relative error is
shot-noise limited. We are using ω = 1, g = 0.05,
Ω = 100ω and |ri − ri+1| /c = 0.01.
detected by a non-vanishing entanglement negativity (see
Appendix A). Below, we show that this major difference
in the correlation structure leads to a scaling enhance-
ment in precision thermometry.
Metrology in Gaussian quantum systems.— We are
dealing with parameter estimation in Bosonic Gaussian
quantum systems. Let Γ(λ) be the covariance matrix of a
Gaussian quantum system—like the one that we obtained
above for our thermometry task. Here, λ is the param-
eter to be estimated, which can be temperature or any
other parameter. In what follows we drop parameter-
dependence of the covariance matrix to have a lighter
notation. Moreover, we restrict ourselves to scenarios
with vanishing displacement operator, as is the case in
our problem.
For a given measurement, determined by the measure-
ment operator set {Πs(γ)}—where s labels the specific
measurement, and γ denotes different outcomes and can
be continuous or discrete—the error on estimation of λ
is bounded from below by [29]
δλ(s) ≥ 1
ν
√
Fcl(λ, s) ≥
1
ν
√FQ(λ) . (13)
where ν is the number of measurement runs, and Fcl(λ, s)
is the classical Fisher information associated with the
performed measurement. It is defined explicitly as fol-
lows
Fcl(λ, s) =
〈
[∂λ log p(γ|s, λ)]2
〉
p(γ|s,λ)
. (14)
4Here p(γ|s, λ) is the conditional probability of observ-
ing γ given the parameter has the value λ and the
measurement s is performed. The quantity FQ(λ) =
maxs Fcl(λ, s) is the quantum Fisher information (QFI)
that is obtained by maximizing the Fisher information
over all possible measurements and is therefore indepen-
dent of the performed measurement. The first inequality
in (13) is called the Cramer-Rao bound, which is satu-
rated by a proper post-processing of the outcomes, thus
one can set the Fisher information as a figure of merit for
a good precision for a fixed measurement. The second
inequality is the quantum Cramer-Rao bound (QCRB)
that sets a fundamental lower bound on the estimation
error, regardless of what the measurement is. Impor-
tantly, this bound can be also saturated as the definition
of the QFI suggests. We show the minimum error for the
single shot scenario (ν = 1) with δλmin ≡ 1/
√
FQ.
Finding the optimal measurement and the QFI is a
challenging task that requires different approaches de-
pending on the platform under study, the underlying
dynamics, and the specific parameter to be estimated.
Nonetheless, for Gaussian systems, one can routinely find
the QFI as well the measurement that achieves it [30–
33]. In general the optimal measurement is highly non-
local. What is more, if we perform a sub-optimal Gaus-
sian measurement—i.e., when measuring Gaussian sys-
tems it produces outcomes with a Gaussian probability
distribution—the classical Fisher information is straight-
forwardly calculable (see e.g., [30] and appendix B). How-
ever, for more general non-Gaussian measurements—e.g.,
observable O—one might not be able to find the Fisher
information. In such cases, we alternatively quantify the
error by the error-propagation formula
δλ(O) :=
∆O√
ν|χλ(O)|2
, (15)
with ∆2O :=
〈
O2
〉 − 〈O〉2 being the uncertainty of the
observable O and χλ(O) := ∂λ 〈O〉 its susceptibility to
the parameter.
Main results.— We study the relative error δT/T in
different temperature regimes and for a variety of param-
eters in the problem, in particular the coupling strength,
and the number of oscillators in the probe.
In Fig. 2 we illustrate the relative error versus temper-
ature for various probe-bath couplings. For both scenar-
ios (a) and (b), we observe that at high temperatures the
relative error worsens by increasing the coupling whereas
at low temperatures the opposite behaviour is observed.
This unifies the findings of [7] and [9], and extends them
from the single to the multi-probe scenario. Furthermore,
Fig. 2 also shows that for a fixed coupling the scenario (b)
outperforms the scenario (a) at all temperatures. This
enhancement is more notable at lower temperatures. In
order to see the scaling behaviour more clearly, we fix the
coupling, and study the relative error normalized with
the number of probes as depicted in Fig. 3. At small
temperatures, we observe that (b) outperforms (a) with
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FIG. 4: Scaling of the quantum Fisher information with
the number of oscillators N . Here, we tune the setting
to the low temperature limit with T0 = 0.01ω. Observe
that in the single bath scenario (solid black) the scaling
is super-linear. Our numeric shows that the scaling is
quadratic (dashed blue), while in the independent
scenario (dashed black) we see a linear scaling, as
expected from additivity of the quantum Fisher
information. The rest of the parameters are set to
g = 0.05ω, Ω = 100ω and |ri − ri+1| /c = 0.01. In a
dashed blue line we show a quadratic fit to the results.
a sub-shot-noise scaling; the evidence for this being the
reduction of the normalized error by increasing the num-
ber of probes. However, as the temperature grows, the
enhancement becomes just a coefficient, and finally at
high temperatures no enhancement is observed, which
is expected because the probes will thermalize with the
bath, and the two scenarios (a) and (b) become equiva-
lent.
In order to better quantify the scaling enhancement
at low temperatures, we fix the temperature in the low-
temperature limit, and study the behaviour of the QFI
versus number of oscillators. As pictured in Fig. 4 our
results show that the QFI is quadratic with N , resem-
bling a Heisenberg like scaling1. To our knowledge this
is the first time bath-induced correlations are exploited
for thermometry—and even other metrological tasks.
Finally, we examine the possibility of estimating the
temperature from local-Gaussian measurements, and/or
global passive measurements [results not presented here].
We find that the error of both these measurement scenar-
ios is shot-noise limited. Therefore, in order to benefit
1 One should notice that we are not doing phase estimation, and
our quadratic scaling is not necessarily caused by entanglement
among the probes. Nonetheless, the aforementioned bath in-
duced correlations are fully responsible for the quadratic en-
hancement here.
5the sub-shot-noise scaling, one needs to perform global
and/or local non-Gaussian measurements.
Discussion.— We have shown that bath-induced corre-
lations have a very important role in thermometry. Not
only taking them into account is necessary for precise
interpretation of the statistics, but also they offer a sub-
shot-noise scaling. The recent results showing the exis-
tence of quantum correlations among different impurities
embedded in a Bose Einstein condensate (BEC) imply
that our scheme is necessary to describe more precisely
and comprehensively the thermometry of BEC and other
ultracold atomic gases [24].
Acknowledgments.—Constructive discussions with
M.A.Garcia-March, C.Charalambous, S.Iblisdir,
S.Hrnandez and L.A.Correa are appreciated. This
work was financially supported by Spanish MINECO
(QIBEQI FIS2016-80773-P, ConTrAct FIS2017-83709-
R, and Severo Ochoa SEV-2015-0522), the ERC AdG
CERQUTE, the AXA Chair in Quantum Information
Science, Fundacio Privada Cellex, and the Generalitat
de Catalunya (CERCA Program and SGR1381) is
acknowledged.
[1] C. Gogolin and J. Eisert, Reports on Progress in Physics
79, 056001 (2016).
[2] S. Popescu, A. J. Short, and A. Winter, Nature Physics
2, 754 (2006).
[3] S. Goldstein, J. L. Lebowitz, R. Tumulka, and N. Zangh`ı,
Phys. Rev. Lett. 96, 050403 (2006).
[4] M. Mehboudi, A. Sanpera, and L. A. Correa, Journal
of Physics A: Mathematical and Theoretical 52, 303001
(2019).
[5] A. De Pasquale and T. M. Stace, in
Thermodynamics in the Quantum Regime (Springer,
2018) pp. 503–527.
[6] V. Giovannetti, S. Lloyd, and L. Maccone, Nat Photon
5, 222 (2011).
[7] M. Mehboudi, A. Lampo, C. Charalambous, L. A. Cor-
rea, M. A. Garc´ıa-March, and M. Lewenstein, Phys. Rev.
Lett. 122, 030403 (2019).
[8] V. Mukherjee, A. Zwick, A. Ghosh, X. Chen, and
G. Kurizki, Communications Physics 2, 1 (2019).
[9] L. A. Correa, M. Perarnau-Llobet, K. V. Hovhannisyan,
S. Herna´ndez-Santana, M. Mehboudi, and A. Sanpera,
Phys. Rev. A 96, 062103 (2017).
[10] Q. Bouton, J. Nettersheim, D. Adam, F. Schmidt,
D. Mayer, T. Lausch, E. Tiemann, and A. Widera,
arXiv:1906.00844 (To appear on PRX) (2019).
[11] L. A. Correa, M. Mehboudi, G. Adesso, and A. Sanpera,
Phys. Rev. Lett. 114, 220405 (2015).
[12] M. G. A. Paris, Journal of Physics A: Mathematical and
Theoretical 49, 03LT02 (2015).
[13] H.-P. Breuer and F. Petruccione, “The theory of open
quantum systems,” (Oxford University Press on De-
mand, 2002).
[14] A. Leanhardt, T. Pasquini, M. Saba, A. Schirotzek,
Y. Shin, D. Kielpinski, D. Pritchard, and W. Ketterle,
Science 301, 1513 (2003).
[15] R. Gati, B. Hemmerling, J. Fo¨lling, M. Albiez, and M. K.
Oberthaler, Phys. Rev. Lett. 96, 130404 (2006).
[16] R. Gati, J. Esteve, B. Hemmerling, T. B. Ottenstein,
J. Appmeier, A. Weller, and M. K. Oberthaler, New
Journal of Physics 8, 189 (2006).
[17] F. M. Spiegelhalder, A. Trenkwalder, D. Naik, G. Hendl,
F. Schreck, and R. Grimm, Phys. Rev. Lett. 103, 223203
(2009).
[18] R. Olf, F. Fang, G. E. Marti, A. MacRae, and D. M.
Stamper-Kurn, Nature Physics 11, 720 (2015).
[19] A. Wolf, G. D. Chiara, E. Kajari, E. Lutz, and G. Morigi,
EPL (Europhysics Letters) 95, 60008 (2011).
[20] A. A. Valido, D. Alonso, and S. Kohler, Phys. Rev. A
88, 042303 (2013).
[21] B. Kraus, H. P. Bu¨chler, S. Diehl, A. Kantian, A. Micheli,
and P. Zoller, Phys. Rev. A 78, 042307 (2008).
[22] M. Ludwig, K. Hammerer, and F. Marquardt, Phys.
Rev. A 82, 012333 (2010).
[23] A. A. Valido, A. Ruiz, and D. Alonso, Phys. Rev. E 91,
062123 (2015).
[24] C. Charalambous, M. Garcia-March, A. Lampo,
M. Mehboudi, and M. Lewenstein, SciPost Phys. 6, 10
(2019).
[25] H. Krauter, C. A. Muschik, K. Jensen, W. Wasilewski,
J. M. Petersen, J. I. Cirac, and E. S. Polzik, Phys. Rev.
Lett. 107, 080503 (2011).
[26] A. Lampo, S. H. Lim, M. A´. Garc´ıa-March, and
M. Lewenstein, Quantum 1, 30 (2017).
[27] P. Langevin, C. R. Acad. Sci. Paris. 146 (1908).
[28] H. Breuer and F. Petruccione,
The Theory of Open Quantum Systems (OUP, Ox-
ford, 2007).
[29] M. G. A. PARIS, International Journal
of Quantum Information 07, 125 (2009),
https://doi.org/10.1142/S0219749909004839.
[30] A. Monras, arXiv:1303.3682 (2013).
[31] Z. Jiang, Phys. Rev. A 89, 032128 (2014).
[32] R. Nichols, P. Liuzzo-Scorpo, P. A. Knott, and
G. Adesso, Phys. Rev. A 98, 012114 (2018).
[33] L. Malago` and G. Pistone, Proceedings of the 2015 ACM
Conference on Foundations of Genetic Algorithms XIII ,
150 (2015).
[34] C. Weedbrook, S. Pirandola, R. Garc´ıa-Patro´n, N. J.
Cerf, T. C. Ralph, J. H. Shapiro, and S. Lloyd, Reviews
of Modern Physics 84, 621 (2012).
6Appendix A: The quantum Langevin equations of motion and the steady state
Starting from equations (5-8) we can find the quantum Langevin equation by solving for the degrees of freedom of
the bath. It is more convenient to define the creation and annihilation operators
ak =
√
mkωk
2
(
yk +
i
mkωk
qk
)
, (A1)
a†k =
√
mkωk
2
(
yk − i
mkωk
qk
)
. (A2)
The equations of motion for the ak and a
†
k decouple yielding
a˙k = −iωkak −
N∑
i=1
iGke
ik·ri
√
2mkωk
xi, (A3)
a˙†k = iωka
†
k +
N∑
i=1
iGke
−ik·ri
√
2mkωk
xi. (A4)
These can be solved for any given xi(t) with solution
ak(t) = e
−iωktak(t0)− i Gk√
2mkωk
∑
i
∫ t
t0
e−iωk(t−s)eik·rixi(s)ds, (A5)
a†k(t) = e
iωkta†k(t0) + i
Gk√
2mkωk
∑
i
∫ t
t0
eiωk(t−s)e−ik·rixi(s)ds. (A6)
By transforming back to position and momenta and substituting into the equations of motion for the probe, we get
Eq. (9). Taking the the Fourier transformation from both sides of (9) and using the convolution theorem one obtains
mi(ω
2
i − ω2)x˜i(ω) +
N∑
j=1
gij x˜j(ω)−
N∑
j=1
χ˜ij(ω)x˜j(ω) = F˜i(ω), (A7)
where the tilde represents the Fourier transform of the original function. In a compact matrix representation, this
reads
x˜(ω) = α−1(ω)F˜ (ω), (A8)
with the matrix α given by
α(ω) =
 m1(ω
2
1 − ω2)− χ˜11(ω) g12 − χ˜12(ω) . . .
g21 − χ˜21(ω) m2(ω22 − ω2)− χ˜22(ω) . . .
...
...
. . .
 . (A9)
To proceed further, we assume an isotropic bath. This means that all quantities only depend on the magnitude of k,
in particular ωk = ω−k. From the definition of χ(t) given in equation (10) it is clear that χ is real. Moreover, given
any value of k present in the bath, −k is also present, as waves should be able to propagate in both directions. Then,
taking the transpose of χ is the same as exchanging the sign of ri − rj which doesn’t change the final value of χ, this
implies that α(ω) is a symmetric matrix. Additionally, χ is an odd function of t which implies that χ˜∗(ω) = χ˜(−ω)
and this readily gives α∗(ω) = α(−ω).
The covariance matrix can be found by first finding the bath correlation functions. Firstly, notice that at the
initial time the bath is in a thermal state for which we have 〈ykyp〉 = δkp coth(ωk/2T )/(2mkωk), and 〈qkqp〉 =
δkpmkωk coth(ωk/2T )/2, and 〈ykqp〉 = δkpi/2. Using these and after a straightforward calculation one can express
the bath correlation functions as
〈Fi(t′)Fj(t′′)〉 =
∑
k
G2k
2mkωk
(
coth
ωk
2T
(cosωk (t
′ − t′′) cosk · (ri − rj)− sinωk (t′ − t′′) sink · (ri − rj))
− i sinωk (t′ − t′′) cosk · (ri − rj)− i cosωk (t′ − t′′) sink · (ri − rj)
)
(A10)
7Using once again the isotropy property of the bath, the terms proportional to sink · (ri − rj) cancel out of the
summation and (A10) becomes
〈Fi(t′)Fj(t′′)〉 = 1
pi
∫ ∞
0
Jij(ω)
(
cos(ω(t′ − t′′)) coth( ω
2T
)− i sin(ω(t′ − t′′))
)
dω, (A11)
where J(ω) is the spectral density defined in (12). In a compact matrix form we have
〈
F (t′)FT (t′′)
〉
=
1
pi
∫ ∞
0
J(ω)
(
cos(ω(t′ − t′′)) coth( ω
2T
)− i sin(ω(t′ − t′′))
)
dω, (A12)
By Fourier transforming the latter result one finds that〈
F˜ (ω′)F˜T (ω′′)
〉
= 2piδ(ω′ + ω′′)[coth(
ω′
2T
) + i] [J(ω′)θ(ω′)− J(−ω′)θ(−ω′)] . (A13)
If we symmetrize this expression, we will have only the real part
1
2
〈{
F˜ (ω′), F˜ (ω′′)
}〉
= Re
〈
F˜ (ω′)F˜T (ω′′)
〉
. (A14)
With this, one can already calculate the position-position correlations in the frequency domain. For instance, if we
are interested in the element 〈x˜i(ω)x˜j(ω)〉 by substituting in (A8) one finds
1
2
〈{x˜i(ω′), x˜j(ω′′)}〉 = 1
2
[
α−1(ω′)
〈{
F˜ (ω′), F˜ (ω′′)
}〉
α−1(ω′′)
]
ij
=
1
2
[
α−1(ω′)
〈{
F˜ (ω′), F˜ (−ω′)
}〉
α−1(−ω′)
]
ij
δ(ω′ + ω′′). (A15)
In the time domain, we need to find the inverse double Fourier transform of (A15), and evaluate at t = 0. This is
1
2
〈{xi, xj}〉 = 1
(2pi)2
∫ ∞
−∞
1
2
〈{x˜i(ω), x˜j(−ω)}〉 dω. (A16)
Similarly, we can find the position-momentum, and momentum-momentum correlations
1
2
〈{xi, pj}〉 = − imj
(2pi)2
∫ ∞
−∞
1
2
ω 〈{x˜i(ω), x˜j(−ω)}〉 dω, (A17)
1
2
〈{pi, pj}〉 = mimj
(2pi)2
∫ ∞
−∞
1
2
ω2 〈{x˜i(ω), x˜j(−ω)}〉 dω. (A18)
In order to complete the steady state solution of our model, we comment on the spectral density Jij(ω) and the
dissipation kernel χ(ω). To begin with, we consider an Ohmic form for the diagonal elements of the spectral density
Jii(ω) = g
2ω
Ω2
ω2 + Ω2
, (A19)
with g representing the strength of the interaction, and Ω being the cutoff frequency. We still have to find the
off-diagonal terms. By recalling the definition of the spectral density∫ ∞
0
Jij(ω)dω =
pi
2
∑
k
G2k
mkωk
cos (k · (ri − rj)) , (A20)
and assuming a linear dispersion relation k = ωk/c for our one-dimensional bath, we should have
Jij(ω) = g
2ω
Ω2
ω2 + Ω2
cos
ω |ri − rj |
c
, (A21)
that completely characterizes our spectral density.
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FIG. 5: Left: Local correlations show the same local behavior in both scenarios—(a) in red and (b) in blue—as
showcased for 〈x1〉 vs T . Right: Inter-oscillator correlation 〈x1x2〉 as a function of T is non-zero for scenario
(b)—unlike (a)—and has a qualitative behavior as the on-site correlations of the left panel. We used a coupling of
g = 0.05, a cutoff frequency of Ω = 100 ω and |ri − ri+1| /c = 0.01 and N = 10.
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FIG. 6: Left: Inter-oscillator correlation 〈x1xn〉 as a function of “n” for scenario (b). In black we set T/ω0 = 0.01, in
blue T/ω0 = 0.1 (they are nearly identical and can hardly be distinguished) and in red T/ω0 = 1. Right: Relative
error as a function of temperature for single bath scenario (solid black) and the independent baths scenario (dashed
black). For the single baths scenario, we also depict the mutual information (solid red) and the entanglement
negativity (solid blue). Both of these quantities have been normalized to their maximum value. Notice that in the
independent baths scenario they are both zero. We used a coupling of g = 0.05, a cutoff frequency of Ω = 100 ω and
|ri − ri+1| /c = 0.01. In the left panel N = 20 and in the right panel N = 10.
Using the spectral density (A21) one may find both the imaginary and the real parts of the susceptibility. Starting
with the definition of χ(t), Eq. (10), and using the isotropy of the bath gives
χij(t) =
∑
k
G2k
mkωk
sin(ωkt+ k · (ri − rj))Θ(t) =
∑
k
G2k
mkωk
sin(ωkt) cos(k · (ri − rj))Θ(t), (A22)
which by definition of the spectral density reads
χij(t) =
2
pi
∫ ∞
0
Jij(ω) sin(ωt)Θ(t)dω = i
Θ(t)
pi
∫ ∞
−∞
Jij(ω)e
−iωtdω = 2iΘ(t)F−1 (Jij(ω)) , (A23)
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FIG. 7: Scaling of the quantum Fisher information with the number of oscillators N . Left: Here, we tune the setting
to the intermediate temperature limit with T/ω0 = 0.1. Observe that in the single bath scenario (solid black) the
scaling is linear, but with a coefficient that is bigger than the independent scenario (dashed black). Right: Here, we
tune the setting to the high temperature limit with T/ω = 1. We observe that the single bath scenario (solid black)
has the exact linear scaling as the independent scenario (dashed black). For both panels, the rest of the parameters
are set to g = 0.05, Ω = 100 ω0 and |ri − ri+1| /c = 0.01.
with F (◦) [F−1(◦)] being the [inverse] Fourier transform of (◦), and we used the fact that J(ω) is an odd function—
making J(ω) cosωt and J(ω) sinωt odd and even, respectively. Taking the Fourier transform of this expression and
using the fact that for our choice of normalization F (fg) = 12pi f˜ ? g˜ we get to
χ˜ = i
(
δ(ω) +
i
piω
)
? J(ω), (A24)
which can be evaluated via a complex integral and gives
χ˜ij(ω) =
g2Ω2
ω2 + Ω2
(
Ωe−Ω
|ri−rj |
c + iωe−iω
|ri−rj |
c
)
. (A25)
The covariance matrix and inter-oscillator correlations In Fig. 5 we depict the on-site
〈
x21
〉
correlation as well as
inter-oscillator correlations 〈x1x2〉 that are only present in scenario (b). From the left panel we observe that the two
scenarios lead to the same on-site correlations. In the right panel, we see that inter-oscillator correlations, namely
〈x1x2〉 have a qualitative behavior similar to the on-site correlations
〈
x21
〉
, however, with a smaller magnitude. We
further depict in Fig. 6 the dependence of correlations with distance among oscillators, i.e., 〈x1xn〉 against ”n”. It is
seen that the correlations are present not just among next neighbors, but also farther distances. As one increases the
distance of the oscillators, their correlations decreases, as expected.
The correlations that we see here are the main difference of scenario (b) and scenario (a), and are therefore
responsible for the increase in the dramatic QFI of scenario (b). We emphasis that these correlations might be but
are not necessarily quantum correlations. In order to clear this out, we have plotted the relative error alongside
the entanglement negativity and mutual information in the right panel of Fig. 6. We see that whenever we have
scaling enhancement, i.e., at very low temperatures, the entanglement negativity is non-zero. Although, this is not
very conclusive, but we conjuncture that entanglement is a necessary but not sufficient condition for the scaling
enhancement. Moreover, we observe that the classical correlations always exist, even at very high temperatures—
where quantum correlations disappear but the mutual information is non-vanishing.
The scaling of the QFI at higher temperatures We already know from Fig. 3 that at mid range temperatures
we have a coefficient enhancement rather than scaling, whereas for higher temperatures, the two scenarios exactly
perform the same. In Fig. 7, we picture this more clearly. As it can be seen from the left panel, for a temperature
T/ω0 = we have a coefficient enhancement in scenario (b), while increasing the temperature to T/ω0 = leads to no
enhancement.
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Appendix B: Parameter estimation in Gaussian quantum systems
In this paper we use well-established techniques in quantum metrolgy for finding the ultimate bounds on thermom-
etry of our Bosonic sample. Here, we remind the main techniques that were originally proven in [30].
The symplectic form reads as
[Ri, Rj ] = iωij , Ω = −ω. (B1)
Gaussian states are fully determined by their first and second moments
d = tr[ρR], Γ = tr[(R− d) ◦ (R− d)T ρ], (B2)
where d ∈ R2N , and Γ ∈M2N (R). We also defined the symmetric product as A ◦B = 12 (AB +BA).
The optimal measurement The optimal measurement is a projective one carried out in the basis of the symmetric
logarithmic derivative (SLD). The latter is a self adjoint operator Λ that satisfies the following equation
Λ ◦ ρ = ∂θρ, (B3)
with θ being the parameter to be estimated. One can prove that the SLD is at most 2nd order in the quadrature
operators and reads
Λ = L0 + L1iRi + L
2
ijRi ◦Rj , (B4)
where we use Einstein’s summation rule. The matrix L2 is the solution of the following matrix equation
∂θΓ =
1
2
ΩL2Ω + 2ΓL2Γ, (B5)
which can be straightforwardly solved by vectorization. Using L2 one can find the vector L1 through
L1 = 2Γ−1∂d− 2L2d, (B6)
which vanishes if d = 0. Finally, the constant L0 is given by
L0 = −L1T d− 1
2
tr[L2Γ]− dTL2d (B7)
Finding the quantum and the classical Fisher information The quantum Fisher information is defined as
F(ρ) = tr[ρΛ2] = 1
2
tr[Λρ ◦ Λ], (B8)
which by using the expression (B4) for SLD reads
F(ρ) = ∂dTΓ−1∂d+ 2tr[L2∂Γ] (B9)
= ∂dTΓ−1∂d+ 4tr[L2ΓL2Γ + L2ΩL2Ω] (B10)
(B11)
This last equation provides the QFI for a Gaussian system. According to [30], if we consider proper dimensions, i.e., if
we consider Ω 7→ ~Ω and let ~→ 0, we revive the classical Fisher information for a Gaussian probability distribution
Fcl = ∂dTΓ−1∂d+ 4tr[L2ΓL2Γ]. (B12)
This latter equation is directly proven for classical systems in [33].
The classical Fisher information of compatible Gaussian measurements
Let us start by recalling the Wigner function of a Gaussian quantum system [34]
W (η) =
exp[− 12 (η − d)TΓ−1(η − d)]
(2pi)m
√
detΓ
. (B13)
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For a single mode, in order to find the probability distribution (more precisely probability density function) of a
specific outcome, we have to integrate over the other quadrature. This is to say
P (x) =
∫
W (x, p)dp. (B14)
Moreover, if we have two modes, we have to integrate over both quadratures of the other mode as well
P (x1) =
∫
W (x1, p1, x2, p2)dp1dx2dp2. (B15)
Similarly, for the joint probability of seeing the first particle at position x1 and the second one at x2 we should have
P (x1, x2) =
∫
W (x1, p1, x2, p2)dp1dp2. (B16)
The classical Fisher information for a probability distribution
Given a probability function/distribution that depends on an unknown parameter, one can find its corresponding
classical Fisher information as follows [see e.g., [29]]
Fcl(P (η|T ), T ) =
〈(
∂T logP (η|T )
)2〉
η
=
∑
η
(
∂TP (η|T )
)2
P (η|T ) . (B17)
In the continuous limit, the summation shall be changed with an integration
Fcl(P (η|T ), T ) =
∫
dη
(
∂TP (η|T )
)2
P (η|T ) . (B18)
Given a probability distribution like P (r), which is Gaussian with the corresponding covariance matrix Γr (being
the reduced covariance matrix corresponding to the commuting observables r = {r1, r2, . . . , rN}), the classical Fisher
information is given by Eq. (B12), as proven in [30, 33].
